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EXPLICIT FACTORIZATION OF xn − 1 ∈ Fq[x]
F. E. BROCHERO MARTI´NEZ, C. R. GIRALDO VERGARA,
AND L. BATISTA DE OLIVEIRA
Abstract. Let Fq be a finite field and n a positive integer. In this article, we
prove that, under some conditions on q and n, the polynomial xn − 1 ∈ Fq[x]
can be split into irreducible binomials xt− a and an explicit factorization into
irreducible factors is given.
Finally, weakening one of our hypothesis, we also obtain factors of the form
x2t − axt + b and explicit splitting of xn − 1 into irreducible factors.
1. Introduction
The factorization of a polynomial over a finite field has theoretical and practical
important consequences in a wide variety of technological situations, including effi-
cient and secure communications, error-correcting codes, deterministic simulations
of random processes and digital tracking systems (see for instance [4]); in particu-
lar, each irreducible factor of xn − 1 in Fq[x] determines a cyclic code of length n
over Fq (see [6]). In fact, each cyclic code of length n can be represented as an ideal
of the ring Rn = Fq[x]/〈x
n − 1〉, and each ideal of Rn is generated by a unique
factor of xn − 1.
It is well known that xn − 1 =
∏
d|nΦd(x), where Φd(x) denotes the d-th cyclo-
tomic polynomial (see [5] Theorem 2.45). It follows that the factorization of xn− 1
depends strongly on the factorization of the cyclotomic polynomial. In general, a
“generic efficient algorithm” to split Φd(x) in Fq[x] for arbitrary d and q is an open
problem and just some particular cases are known. The complete factorization of
Φ2k(x) = x
2k + 1 over Fq[x] with q ≡ 1 (mod 4) is a classical result, and in the
case where q ≡ 3 (mod 4) the factorization was obtained way by Meyn in [8] within
an elementary; in [7] Fitzgerald and Yucas studied how to find the explicit factor-
ization of Φ2kr(x), where r is an odd prime and q ≡ ±1 (mod r), in particular,
they obtained the explicit factorization in the case where r = 3. In [9], Wang and
Wang give a complete explicit factorization of Φ2n·5(x). Finally, in [3] Chen, Li and
Tuerhong found the explicit factorization of x2
mpn − 1 over Fq, where p is an odd
prime with q ≡ 1 (mod p).
In this paper, we characterize every irreducible factor of xn−1 over Fq assuming
that every prime divisor of n is a divisor of q−1, and we give explicit expressions for
the factorization of xn−1, so generalizing the results listed above. Observe that, in
this case, all factors are binomials or trinomials, thus every irreducible factor is a
sparse polynomial (polynomial with few nonzero term) and this type of polynomials
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has important applications, for instance, for an efficient hardware implementation
of feedback shift registers (see [1]).
2. Preliminaries
Throughout this paper, Fq will denote a finite field of order q, where q is a power
of a prime, θ is a generator of the cyclic group F∗q ; for each a ∈ F
∗
q , ordq a will
denote the minimum positive integer k such that ak = 1. For each prime p and
each integer m, νp(m) will denote the maximum power of p that divide m and
rad(m) denotes the radical of m, i.e., if m = pα11 p
α2
2 · · · p
αl
l is the factorization of m
in prime factors, then rad(m) = p1p2 · · · pl.
It is easy to see that if n divides q − 1 then F∗q contains a primitive n-th root
of unity ζn = θ
(q−1)/n ∈ F∗q , and the polynomial x
n − 1 splits into linear factor of
the form x − ζjn, where j = 1, 2, . . . , n, thus each factor is a binomial. A natural
question is when xn − 1 can be factorized in a way that each irreducible factor is a
binomial of the form xt − a. This question can be divide in three parts:
• Determine when xt − a is an irreducible polynomial.
• Determine when xt − a is a factor of xn − 1.
• Find conditions over n and q such that every irreducible factor is a binomial.
Observe that the first part is a classical remarkable result:
Lemma 2.1 (Theorem 3.75 in [5]). Let t ≥ 2 be an integer and a ∈ F∗q. Then the
binomial xt − a is irreducible in Fq[x] if and only if the following three conditions
are satisfied:
(1) rad(t) divides ordq a.
(2) gcd(t, q−1ordq a ) = 1.
(3) if 4|t then q ≡ 1 (mod 4).
Remark 2.2. If t = 4s, q ≡ 3 (mod 4) and a is not a square in Fq, then x
t − a =
(x2s − bxs + c)(x2s + bxs + c), where b and c are elements of Fq such that c
2 = −a
and b2 = 2c.
For the second question, we can find elementary conditions over t and a:
Lemma 2.3. The binomial xt − a ∈ Fq[x] is a factor of x
n − 1 if and only if t|n
and ordq a| gcd(q − 1,
n
t ).
Proof: Using the division algorithm we know that n = tm+ r where 0 ≤ r < t.
Thus
xn − 1 = (xt)mxr − 1 ≡ amxr − 1 mod (xt − a),
so, it follows that xt − a divides xn − 1 if and only if it also divides amxr − 1.
Since deg(amxr − 1) < deg(xt − a), this happens if and only if r = 0 and am = 1.
Therefore t is a divisor of n and ordq a|m =
n
t . Since ordq a|(q − 1), we conclude
that ordq a| gcd(q − 1,
n
t ). 
The third part, that will be solved in the next section, depends on some known
elementary properties of the cyclotomic polynomial that we present, without proof,
in the following proposition.
Proposition 2.4. Suppose that m is a positive integer and take p a prime such that
gcd(pm, q) = 1. Then in a finite field Fq the following properties of the cyclotomic
polynomial are valid:
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(a) Φmp(x) =
Φm(x
p)
Φm(x)
if p ∤ m;
(b) Φmp(x) = Φm(x
p) if p | m;
(c) Φ2m(x) = Φm(−x) if m ≥ 3 and m is an odd number.
3. Factors of xn − 1
In this section, we prove, imposing some conditions on n and q, that every
irreducible factor of xn−1 is a binomial, and then, removing one of those conditions,
we prove that every irreducible factor is a binomial or a trinomial.
The following proposition show that these condition are indeed necessary.
Proposition 3.1. If every irreducible factor of xn − 1 ∈ Fq[x] is a binomial of the
form xt − a, then rad(n)|(q − 1) and either 8 ∤ n or q 6≡ 3 (mod 4).
Proof: Suppose that p is a prime such that p|n. Since Φp(x) divides x
p − 1 and
xp−1 divide xn−1, it follows that every irreducible factor of Φp(x) is a binomial of
the form xt−a. Since xt−a|(xp−1), by Lemma 2.3 we have that t|p, so t = 1 or p.
In addition, by Theorem 2.47 (ii) in [5], every irreducible factor of Φp(x) has degree
ordp q which is a divisor of ϕ(p) = p − 1. It follows that t = ordp q is a common
divisor of p and p − 1, therefore t = 1. It follows that ordp q = 1 or equivalently
p|(q − 1).
On the other hand, if 8|n then x8 − 1 divides xn − 1 and if q ≡ 3 (mod 4) then
−1 is not a square in Fq. In the case that 2 is a square in Fq, we have that
x8 − 1 = (x− 1)(x+ 1)(x2 + 1)(x2 + bx+ 1)(x2 − bx+ 1),
where b2 = 2. The case that 2 is not a square in Fq, then −2 is a square, therefore
x8 − 1 = (x− 1)(x+ 1)(x2 + 1)(x2 + bx− 1)(x2 − bx− 1),
where b2 = −2. So there exist irreducible factors of xn−1 which are not binomials.

The following result shows that these conditions are in fact sufficient conditions.
Theorem 3.2. Let Fq be a finite field and n a positive integer such that
(1) q 6≡ 3 (mod 4) or 8 ∤ n.
(2) rad(n)|(q − 1).
Then every irreducible factor of xn − 1 in Fq[x] is of the form x
t − a, where t ∈ N
and a ∈ Fq satisfy the condition of Lemmas 2.1 and 2.3.
Proof: We proceed by induction over Ω(n), the total number of prime power
factors of n (i.e., Ω(n) = α1 + · · ·+ αk where n = p
α1
1 · · · p
αk
k ).
Observe that if n|(q − 1), then there exists an element ζn ∈ Fq, a primitive n-th
root of unity in Fq, and in this case
xn − 1 =
n−1∏
j=0
(x− ζjn),
so, the theorem is clearly true. In particular, if Ω(n) = 1 then n = rad(n) is a
prime that divides q − 1, therefore the first step of the induction is true.
Suppose now that the theorem is true for all n such that rad(n)|(q − 1) and
Ω(n) ≤ N ∈ N for some N ≥ 1.
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Let n be an integer such that rad(n)|(q − 1) and Ω(n) = N + 1. Observe that
xn − 1 =
∏
d|n
Φd(x) = Φn(x) ·
∏
d|n
d 6=n
Φd(x),
and for all d|n, d 6= n we have that Φd(x)|(x
d − 1) Then, by induction hypothesis
we have that every irreducible factor of Φd(x) is of the form x
t − a, so we only
need to verify the condition of Lemma 2.3. In fact, since t divides dgcd(d,q−1) then
it divides ngcd(n,q−1) . In addition, ordq a| gcd(q − 1,
d
t )| gcd(q − 1,
n
t ).
Therefore, it is enough to analyse the factors of Φn(x). Since the theorem is true
when n|(q− 1), we can suppose without loss of generality that there exists a prime
p divisor of n, such that νp(n) > νp(q − 1) ≥ νp(rad(n)) = 1. So we can assume
that n = pm with νp(m) ≥ νp(q − 1) ≥ 1.
At this point, we consider two cases:
(1) p 6= 2 or q 6≡ 3 (mod 4)
(2) p = 2, q ≡ 3 (mod 4) and νp′(n) ≤ νp′(q − 1) for each odd prime factor p
′
of n .
In the first case, by Proposition 2.4 we have
Φn(x) = Φpm(x) = Φm(x
p).
Since Ω(m) < Ω(n) it follows by induction hypothesis that every irreducible factor
of Φm(x) is of the form x
t − a and so it satisfies the condition of Lemmas 2.1 and
2.3. In addition, xpt − a is a factor, not necessarily irreducible, of Φm(x
p).
Observe that gcd(tp, q−1ordq a ) = 1 or p. When the greatest common divisor is 1, we
have that νp(ordq a) = νp(q − 1) ≥ 1, then p| ordq a, and therefore rad(pt) divides
ordq a, so it follows that the first two conditions of Lemma 2.1 are satisfied. In
addition, if q ≡ 3 (mod 4) it follows that p 6= 2, and by induction hypothesis we
know that 4 ∤ t, therefore 4 ∤ pt, consequently the third condition of Lemma 2.1
is also satisfied and then xpt − a is irreducible. The condition of Lemma 2.3 are
satisfied, because we have already proved that xpt − a is a factor of xn − 1.
When the greatest common divisor is p, we have that νp(q− 1) > νp(ordq a) and
p ∤ t. Then ordq a|
q−1
p , or equivalently, a is a root of the polynomial P (x) = x
q−1
p −1.
Since the roots of this polynomial are {θjp|j = 1, 2, . . . , q−1p }, so there exists b ∈ F
∗
q
such that a = bp, and therefore
xpt − a = xpt − bp =
p∏
j=1
(xt − ζjpb),
where ζp ∈ Fq is a primitive p-th root of unity. Note that
ordq(ζ
j
pb) = lcm(ordp ζ
j
p, ordp b) = lcm(p, p · ordp a) = p · ordq a,
so rad(t) divides ordq(ζ
j
pb) and gcd
(
t, q−1
ordq(ζ
j
pb)
)
= 1. Hence every factor of the
form xt − ζjpb is an irreducible factor of x
n − 1, which completes the first case.
Suppose now that p = 2, q ≡ 3 (mod 4) and that for each odd prime factor p′
of n we have that νp′(n) ≤ νp′(q − 1). By the hypothesis, we know that
3 > ν2(n) > ν2(q − 1) = 1,
EXPLICIT FACTORIZATION OF xn − 1 ∈ Fq [x] 5
so n = 4m where m is an odd number such that m|(q − 1). In the case m = 1, the
cyclotomic polynomial Φ4(x) = x
2 +1 is irreducible, because −1 is not a square in
Fq. Thereby, we can suppose that m ≥ 3 and by Proposition 2.4 we have
Φn(x) = Φ2m(x
2) = Φm(−x
2).
Now, since Ω(m) < Ω(n), by induction hypothesis we know that every irreducible
factor of Φm(x) is of the form x
t−a, so it satisfies the condition of Lemmas 2.1 and
2.3, and x2t − (−a) is a factor of Φn(x). We claim that it is an irreducible factor.
In fact, since
ordq(−a) = lcm(ordq(−1), ordq(a)),
then ordq(−a) is an even number and then rad(2t) divides ordq(−a). In addition,
q−1
ordq(−a)
is an odd number, therefore gcd
(
2t, q−1ordq(−a)
)
= 1. Finally, since t|m then
2t is not divisible by 4, thus by Lemma 2.1 it follows that x2t−(−a) is an irreducible
factor of xn − 1. 
Corollary 3.3. Let n and q be as in Theorem 3.2 and set m = ngcd(n,q−1) and
l = q−1gcd(q−1,n) . Then
(a) The factorization of xn − 1 into irreducible factors of Fq[x] is∏
t|m
∏
1≤u≤gcd(n,q−1)
gcd(u,t)=1
(xt − θul).
(b) For each t|m, the number of irreducible factors of degree t is ϕ(t)t ·gcd(n, q−1),
where ϕ denotes the Euler Totient function and the total number of irreducible
factors is
gcd(n, q − 1) ·
∏
p|m
p prime
(
1 + νp(m)
p− 1
p
)
.
Proof: (a) Let xt − a be an arbitrary irreducible factor of xn− 1, and let p be
a prime such that p|t. As a consequence of Lemma 2.1 we have that
νp(ordq a) ≥ 1 and νp(q − 1) = νp(ordq a).
In addition, as a consequence of Lemma 2.3 we have that
νp(t) ≤ νp(n) and νp(ordq a) ≤ min
{
νp(q − 1), νp
(n
t
)}
≤ νp(n)− νp(t).
Therefore, for each prime p such that νp(t) ≥ 1, we have that νp(t) ≤ νp(n)−νp(q−
1), so we conclude that t divides m = ngcd(n,q−1) .
Now, note that a = θv for some 0 ≤ v ≤ q − 1, and since
νp(q−1) = νp(ordq a) = νp(ordq θ
v) = νp
(
q − 1
gcd(q − 1, v)
)
= max{0, νp(q−1)−νp(v)},
we have that νp(v) = 0, so it follows that gcd(t, v) = 1.
Using that ordq a|
n
t , we have that a
n/t = θvn/t = 1, then vn/t is a multiple of
the order of θ, i.e. (q − 1)|(vn/t), and therefore q−1gcd(q−1,n/t)
∣∣∣ v.
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Since t is a divisor of ngcd(n,q−1) , we have that
q−1
gcd(q−1,n/t) is a divisor of l =
q−1
gcd(q−1,n) . On the other hand, note that
q−1
gcd(q−1,n/t) is a multiple of
q − 1
gcd(q − 1, n/m)
=
q − 1
gcd(q − 1, gcd(n, q − 1))
= l.
therefore
q − 1
gcd(q − 1, n/t)
=
q − 1
gcd(q − 1, n)
.
It follows that l divides v whatever is t, thus we can set v = ul, where 1 ≤ u ≤
q−1
l = gcd(n, q − 1).
Finally, since gcd(t, u)| gcd(t, v) = 1, we conclude that gcd(t, u) = 1. This facts
show that xn − 1 divide
∏
t|m
∏
1≤u≤gcd(n,q−1)
gcd(u,t)=1
(xt − θul).
Conversely, if t and u satisfy these conditions on the product, it can verified
directly that xt − θul is an irreducible factor of xn − 1, so (a) is proved.
(b) Let t be a divisor of m = ngcd(n,q−1) . Since
rad(t)| rad(n)| gcd(q − 1, n),
every prime that divides t also divides gcd(q− 1, n). Let p1, p2, . . . , pk be the list of
primes that divide t. It follows that there exist (1− 1p1 ) · gcd(q− 1, n) numbers less
or equal to gcd(q − 1, n) that do not have any common factor with p1, that there
exist (1 − 1p1 )(1 −
1
p2
) · gcd(q − 1, n) that do not have any common factor with p1
and p2, and inductively we conclude that there exist(
1−
1
p1
)(
1−
1
p2
)
· · ·
(
1−
1
pk
)
· gcd(q − 1, n) =
ϕ(t)
t
gcd(q − 1, n)
numbers without any common factor with t. Finally the total number of irreducible
factors of xn − 1 is ∑
t|m
ϕ(t)
t
· gcd(q − 1, n).
Observe now that the function ϕ(t)t is a multiplicative function, therefore
∑
t|m
ϕ(t)
t
is also multiplicative and thus it is enough to calculate this sum for powers of
primes. In this case we have that
∑
d|pk
ϕ(pk)
pk
= 1 + k
(
1−
1
p
)
,
obtaining the part (b). 
In the following theorem, we analyze the factorization of xn−1 in the case when
8|n and q ≡ 3 (mod 4).
Theorem 3.4. Let Fq be a finite field and n a positive integer such that
(1) q ≡ 3 (mod 4) and 8 | n.
(2) rad(n)|(q − 1).
Then each irreducible factor of xn − 1 in Fq[x] is of one of the following types:
(a) xt − a satisfying the hypothesis of Lemmas 2.1 and 2.3.
(b) x2t +(a+ aq)xt+ aq+1 ∈ Fq[x], where a ∈ Fq2 \Fq and x
t− a ∈ Fq2 [x] satisfies
the hypothesis of Lemmas 2.1 and 2.3 in Fq2 .
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Proof: Since q2 ≡ 1 (mod 4), it follows that the irreducible factors of xn − 1 in
Fq2 [x] are of the form x
t − a and then they satisfy Lemmas 2.1 and 2.3 in Fq2 [x].
Now, let f(x) ∈ Fq[x] be a monic irreducible factor of x
n − 1. From the fact that
f(x) is also a polynomial in Fq2 [x], we have two cases to consider:
i) If f(x) is irreducible in Fq2 [x], then f(x) = x
t−a, where a ∈ Fq, thus it satisfies
the conditions of Lemmas 2.1 and 2.3 in Fq.
ii) If f(x) is not irreducible in Fq2 [x], then there exists a ∈ Fq2 \ Fq such that
(xt−a)|f(x) . Since σq(f(x)) = f(x), where σq is the Frobenius automorphism
σq : Fq2 → Fq2
b 7→ bq
,
it follows that σq(x
t − a) = xt − aq also divides f(x). But a 6= aq, therefore
(xt − a)(xt − aq)|f(x). Finally, note that (xt − a)(xt − aq) is invariant by σq,
hence (xt− a)(xt− aq) ∈ Fq[x], and since f(x) is irreducible, we conclude that
f(x) = x2t − (a+ aq)xt + aq+1. 
Remark 3.5. With an equivalent proof of theorem above, but replacing the the
hypotheses of the theorem by rad(n)|(q2 − 1), or equivalently, every prime factor
p of n satisfies that q ≡ ±1 (mod p), it is possible to prove that every irreducible
factor of xn − 1 is a binomial or trinomial.
Corollary 3.6. Let n and q be as in Theorem 3.4. Let α be a generator of the
cyclic group F∗q2 satisfying α
q+1 = θ and put m = ngcd(n,q2−1) , l1 =
q−1
gcd(q−1,n) ,
l2 =
q2−1
gcd(q2−1,n) and r = min{ν2(n/2), ν2(q + 1)}. Then
(a) The factorization of xn − 1 into irreducible factors of Fq[x] is∏
t|m
t odd
∏
1≤w≤gcd(n,q−1)
gcd(w,t)=1
(xt − θwl1) ·
∏
t|m
∏
u∈Rt
(x2t − (αul2 + αqul2 )xt + θul2 ),
where Rt is the set{
u ∈ N
∣∣∣∣1 ≤ u ≤ gcd(n, q
2 − 1), gcd(u, t) = 1
2r ∤ u and u < {qu}gcd(n,q2−1)
}
and {a}b denotes the remainder of the division of a by b, i.e. it is the number
0 ≤ c < b such that a ≡ c (mod b).
(b) For each t odd with t|m, the number of irreducible binomials of degree t and
2t are
ϕ(t)
t
· gcd(n, q − 1) and
ϕ(t)
2t
· gcd(n, q− 1) respectively, and the number
irreducible trinomials of degree 2t is

ϕ(t)
t
· 2r−1 gcd(n, q − 1) if t is even
ϕ(t)
t
· (2r−1 − 1) gcd(n, q − 1) if t is odd.
The total number of irreducible factors is
gcd(n, q − 1) ·
(
1
2
+ 2r−2(2 + ν2(m))
)
·
∏
p|m
p odd prime
(
1 + νp(m)
p− 1
p
)
.
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Proof: Since rad(n)|(q − 1), we have that the only prime factor in common
between n and q + 1 is 2, so gcd(n/2, q + 1) = 2r. In addition,
l2 =
q2 − 1
gcd(q2 − 1, n)
=
q + 1
gcd(q + 1, n/2)
q − 1
gcd(q − 1, n)
=
q + 1
2r
l1.
Now, we know by Corollary 3.3 that xn − 1 can be split in Fq2 [x] as∏
t|m
∏
1≤u≤gcd(n,q2−1)
gcd(u,t)=1
(xt − αul2).
Note that a factor xt−αul2 is in Fq[x] if and only if α
ul2 is invarant by the Frobenius
automorphism, i.e. αul2 = αul2q. This last equation is equivalent to saying that
(q2 − 1)|(q − 1)ul2, so (q + 1)|ul2. On the other hand
gcd(q + 1, l2) = gcd
(
q + 1,
q + 1
gcd(n/2, q + 1)
·
q − 1
gcd(n, q − 1)
)
= gcd
(
q + 1,
q + 1
gcd(n/2, q + 1)
)
=
q + 1
gcd(n/2, q + 1)
=
q + 1
2r
,
so xt − αul2 is in Fq[x] if and only if 2
r|u. Thus, we can write u = 2rw, and since
gcd(u, t) = 1, it follows that t is odd and gcd(w, t) = 1. Moreover, from the fact
that
ul2 = 2
rw
q + 1
2r
l1 = (q + 1)wl1,
we have that xt−αul2 = xt−α(q+1)wl1 = xt−θwl1 , and these conditions determine
every irreducible factor of xn − 1 that is binomial in Fq[x].
For the values of u such that 2r ∤ u, we have that xt − αul2 /∈ Fq[x] and then
(xt − αul2)(xt − αqul2) = x2t − (αul2 + αqul2)xt + θul2
is an irreducible trinomial of Fq[x]. Thus, each pair (ul2, {uql2}q2−1), or equivalently
each pair (u, {qu}gcd(n,q2−1)), generates an irreducible trinomial. It follows that
each irreducible trinomial is generated by a unique pair in the set{
(u, v)
∣∣∣∣ 1 ≤ u ≤ gcd(n, q
2 − 1), gcd(u, t) = 1
v = {qu}gcd(n,q2−1), 2r ∤ u and u < v
}
and this concludes the part (a).
An important fact to emphasize is that, if αul2 +αqul2 = 0, then the “trinomial”
x2t − (αul2 + αqul2 )xt + θul2 is really a binomial of degree 2t with t odd.
Now, by Corollary 3.3, we know that for every t divisor of m, the number of
irreducible binomials in Fq2 [x] is
ϕ(t)
t
gcd(n, q2 − 1) =
ϕ(t)
t
2r gcd(n, q − 1).
If t is even, then u is odd and there are not binomials of degree t in Fq2 [x] that are
also in Fq[x]. Thereby, for every binomial in Fq2 [x], there exists a unique binomials
in Fq2 [x], such that its product generates an irreducible trinomial in Fq[x]. So the
number of irreducible trinomials of degree 2t is ϕ(t)t 2
r−1 gcd(n, q − 1).
EXPLICIT FACTORIZATION OF xn − 1 ∈ Fq [x] 9
Now, if t is odd there exist ϕ(t)t gcd(n, q − 1) irreducible binomials in Fq2 [x]
than are also in Fq[x], and
ϕ(2t)
2t gcd(n, q− 1) reducible binomials in Fq2 [x] that are
irreducible binomial in Fq[x]. Therefore, there are
ϕ(t)
t
gcd(n, q2 − 1)− 2
ϕ(t)
t
gcd(n, q − 1) =
ϕ(t)
t
(2r − 2) gcd(n, q − 1)
binomials in Fq2 [x] than are not in Fq[x], so the number of irreducible trinomials
of degree 2t is ϕ(t)2t (2
r − 2) gcd(n, q − 1).
Finally, the total number of irreducible factors is
=
∑
t|m
t odd
ϕ(t)
2t
(2r + 1) · gcd(q − 1, n) +
∑
t|m
t even
ϕ(t)
t
2r−1 · gcd(q − 1, n)
=
∑
t|m
t odd
ϕ(t)
2t
· gcd(q − 1, n) +
∑
t|m
t
ϕ(t)
t
2r−1 · gcd(q − 1, n)
= gcd(n, q − 1)

1
2
·
∏
p|m
p odd prime
(
1 + νp(m)
p− 1
p
)
+ 2r−1 ·
∏
p|m
p prime
(
1 + νp(m)
p− 1
p
)
= gcd(n, q − 1) ·
(
1
2
+ 2r−2(2 + ν2(m))
)
·
∏
p|m
p odd prime
(
1 + νp(m)
p− 1
p
)
,
as we wanted to prove. 
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